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Nomenclature

thickness of the medium, m
exponential integral functions,
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thermal conductivity of the medium, W/m-K
number of increments in the X direction
conduction-radiation parameter, k/40 T;* D
refractive index of the medium

= incidence radiation, W/m?

radiosity from the interior of the two boundaries,
W/m?

dimensionless radiosities, g; /o Ti4, q2/o Tl.4
dimensionless gradient of radiative heat flux
source function

absolute temperature, K

= temperature of the surroundings, K

initial temperature, K

mean temperature, K

dimensionless temperature, 7/ T;
dimensionless mean temperature, 7,/ T;
temperature from the previous iteration

= dimensionless coordinate, x /D

coordinate in direction across the layer, m
absorption coefficient of the layer, m™!
extinction coefficient of the layer, m~!

time, s

optical thickness of the layer, 8D

interface reflectivity

product of density and specific heat of the layer,
q/m3 —K

stefan—Boltzmann constant

dimensionless time (40 Ti4 /pCpD)6
dimensionless incident radiation, Q /o T}

= scattering albedo
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Introduction

IBER-REINFORCED composite materials are now an impor-
tant class of engineering materials. Because of their useful
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properties, they are widely used in various fields of engineering.
They offer outstanding mechanical properties, unique flexibility in
design capabilities, and ease of fabrication. Additional advantages
include light weight, corrosion resistance, impact resistance, and
excellent fatigue strength. Today, fiber composites are routinely
used in such diverse applications as automobiles, aircraft, plastic
industries,' space vehicles, off-shore structures, containers and pip-
ing, sporting goods, electronics, and appliances.

The need for high-temperature reinforcing fibers has led to the
development of ceramic fibers. An important factor that limits the
performance (efficiency and emission) of current gas turbines is
the temperature handling capability (strength and durability) of the
metallic structural components in the engine hot section (blades,
nozzles, vanes, and combustor liners). It is generally agreed that
the temperature handling capabilities of metals have reached their
ceiling. Ceramic fibers such as alumina fibers and silicon-carbide
fibers exhibit superior durability and combine high strength and
elastic modulus with high temperature capability, which implies
their potential to revolutionize gas-turbine technology.

Accurate prediction of temperature distributions in ceramic and
other fibrous and semitransparent materials (STM) at high temper-
ature is essential during various fabrication operations. Within a
semitransparent medium, the temperature and heat-flux distribu-
tions are affected by radiation in addition to heat conduction.>
The transient coupled radiative and conductive heat transfer in a
semitransparent medium is one of the pervasive processes in engi-
neering applications, such as heat-dissipating materials, tempered
glass and the application of its products,”~® thermal property analy-
sis for ceramic parts,'® manufacture and application of optical fibers
and their products,'! melting and removal of ice layers,'? transient
response to volumetrically scattering heat shields,'>'# and ignition
and flame spread for translucent plastics and solid fuels. Radiation
effects become more important when STM are at elevated temper-
atures, are in high-temperature surroundings, or are subjected to
large incident radiation and the radiative fluxes depend strongly on
the temperature level. In semitransparent materials where thermal
radiation can affect internal temperature distribution, transient be-
havior has been studied much less than steady-state behavior.

To obtain transient solutions, numerical procedures such as finite
difference, finite element, and discrete ordinates methods have been
used to solve the radiative-transfer equation coupled with the tran-
sient energy equation. The transient thermal behavior of single and
multiple layers of semitransparent materials has been studied for a
variety of cases, as reviewed recently by Siegel.!

Earlier studies concerning transient coupled radiative-conductive
heat transfer in STM were carried out mainly for boundary condi-
tions of the first kind, with prescribed temperatures at the bound-
aries. They were summarized by Viskanta and Anderson.'® Much
research has been directed toward the combined effects of conduc-
tion and radiation in glass. Chui and Gardon'”undertook the study of
combined conduction and radiation in gray glass. Su and Sutton'®
predicted temperatures and heat fluxes with 16 spectral bands in
a silica glass plate externally heated by a constant heat input at
one boundary for a 5-s time interval. Siegel,!’ and more recently
Sadooghi and Aghanajafi,” used finite difference procedures to pre-
dict transient temperature distributions in a semitransparent material
with a refractive index of one. Problems were also solved for re-
fractive indices larger than one, which provided internal reflection.
Hahn and Raether?® examined transient heat transfer in a layer of
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ceramic powder during laser-flash measurements of thermal diffu-
sivity. A three-flux method was used to solve the radiative-transfer
equation. However, no results were presented on the effect of scat-
tering or refractive indices. The solution of the exact radiative equa-
tion is rather complicated, particularly when scattering is present;
hence, a common approach is to use approximate methods such
as the two-flux diffusion and differential approximation methods.
Unfortunately, approximate methods are usually subject to certain
constraints. Thus under certain conditions, some methods might
not be valid. This paper presents a direct numerical procedure for
obtaining accurate transient temperature distributions in a layer of
semitransparent material. The solution includes the integral equa-
tion for the radiative flux gradient, coupled to a transient energy
equation that contains both radiative and conductive terms. Solu-
tions are given to demonstrate the effect of isotropic scattering on
the radiative cooling of the layer.

Analysis

The analysis is for a gray absorbing, emitting, isotropically scat-
tering, and heat-conducting layer of thickness D, as shown in Fig. 1.
Initially the layer is at a uniform temperature 7;. It is then placed
in much colder surroundings. The transient energy equation in
dimensionless form is!

o N ke 0
ar X2

where R(z) is the gradient of the radiative flux under the assumption
of isotropic scattering and is a function of X and t:

R(@) =kp(l — ) [n’1* = (¢/4)] @

where ¢ is the local incident radiation. Considering isotropic scat-
tering, ¢ is given by?!

¢ (X) =2q1 Ex(kpX) +2g2 Ex[kp (1 — X))

1
+2mkp / S(XYE (kp|X — X'|)dX’ 3)
0
where the source function S(X) is written as follows:
5X) = (1 =) (1) + (0/47)$ @

where g, and g, are dimensionless diffuse fluxes at the boundaries
X =0and 1, respectively. For the symmetric case, under the assump-
tion of diffuse reflection,?? and using Fresnel’s reflective relations,
¢ and g, are given by

1
g1 =q = 27TpKD/ [S(X") Ex(kpX") dX'1[2pE5(kp)] ™" (5)
0
Inserting Egs. (4) and (5) into Eq. (3) leads to

1
d(X) = nzf F(X, X)t*(X)dX' + 2n’kp(1 — @)
0
1
x/ t*(XYE (kp|X — X)) dX’
0

4(1_ )/ F(X,X) ¢ (X)dX’

T, <<T(X)

pﬂ n
T(X)
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Fig. 1 Geometry and nomenclature of the plane layer.
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F(X, X)=4 2B D){ E>(kpX)
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Boundary Conditions

Because convective heat transfer is negligible, boundary condi-
tions are required for radiation and for heat conduction only. Ra-
diation passes out of the layer from within the material. There is
no emission at the boundaries, which are planes without volume.?
The energy is then lost only by means of internal radiation passing
through the surface. There is no external conduction or convection,
as in the case of a device used for dissipating waste heat from equip-
ment operating in the cold vacuum of outer space. Therefore the
following boundary conditions should be used for energy equation

(1):

91(0,7) _ or(l,t)
X X

®)

The initial temperature of the layer is uniform, and so the nondi-
mensionalized temperature is initially equal to unity:

1(X,0)=1 )

Numerical Solution Procedure

The discretization of the energy equation is derived using an im-
plicit finite volume scheme,*

. dR(™) o oo AR | dR(Y)
R(1) = R(*) + =3 = (= 1) = R(t") T T
(10)

where t* is temperature from the previous iteration. From Eq. (2),
the time derivative of R(¢) in Eq. (10) is

dR(1") _ 23 1dq’>*
o =kp(l a))(4n t 174 > (11)

and Eq. (6) gives

d¢™(X)
dt

1
= 4n? / F(X, X) 1" (X')dX’
0

1
+8(1 —a))nzKD/ I*S(X/)El(KD|X - X')dx’
0

do* (X)

4(1_ )/ F(X, X))

wkp [ do* (X )

2 J

By solving Egs. (11) and (12), dR(¢*)/dt is obtained.

Integral Eqs. (6) and (12) are solved numerically by using the
well-known Nystrom method.?* The layer is divided into M incre-
ments in the X direction with a smaller A X near the boundaries. The
discretization of integral Egs. (6) and (12) is derived using Gaussian
quadrature.?’ Variable time increments are used with smaller time
steps at the beginning of the process. At each time step, Egs. (1),
(2), (6), (11), and (12) are solved simultaneously, and iterations are
performed to obtain the temperature distribution. For a solution at
each time increment, an initial guess of the temperature distribu-
tion across the layer must be provided. Typically in this calculation,
the temperature distribution at the previous time step is used for

E(kp |X — X']) dX’ (12)
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the first guess. The values of temperature at the Gaussian abscissas
are obtained using cubic spline interpolation.”> With temperature
specified, the values of R and dR/dt are obtained from the solution
of Egs. (2), (3), (11), and (12). The exponential integral function
E; and values of R and dR/dt are then calculated using Nystrom
interpolation.”> With R and dR/d¢ evaluated, an updated tempera-
ture distribution is obtained by the solution of Eq. (1) in order to
move ahead one time increment. The new temperature distribution
is used to reevaluate the values of R and dR/dr. This process is
repeated until the desired convergence is achieved. It is found that
the larger the optical thickness of the layer, denser grids and higher-
order Gaussian quadrature are needed because of steep variations in
the radiative flux at the boundaries.

Results and Discussion

The effect of variation in the influence parameters, such as
refractive index, optical thickness, and scattering albedo, on the
temperature distributions are shown in Figs. 2—7. The conditions
are symmetric, on both sides of the layer, and so the transient tem-
peratures are symmetric, and the distributions are given for one—

Toss [
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b) ' X=x/D

half of the layer. Results are given at three instances during the
transient.

Figure 2 gives transient temperatures for alayer of n = 1 and Fig. 3
forn =1.5 withw = 0.3, 0.6, and 0.9 for all figures. Different optical
thicknesses and radiation—conduction parameters are considered.
The results show that heat conduction serves to equalize temperature
across the layer, and increased optical thickness makes the layer
optically thick and gives a steeper temperature distribution near
the boundaries. An important effect of a larger refractive index is
that internal reflections promote the distribution of radiative energy
within the layer. This makes the transient temperature distributions
more uniform.

Figures 2 and 3 show the effect of scattering when the optical
thickness is fixed. Increased scattering gives a more uniform tem-
perature distribution and slows down the temperature drop. This is
because of the layers relatively reduced ability to emit (or absorption
thickness D) when w is increased. The radiative heat loss of the
layer depends strongly upon the magnitude of o D, which is equal
to (1 — w)kp. In this case, the effect of D is somewhat similar
to that of xkp on a nonscattering layer. In the limiting case when

n=lxp =5.N=00"
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Fig. 2 Transient temperature distribution under various conditions for a layer witha) n=1,N=0.1,kp=5;b)n=1,N=0.1,kp=15;¢)n=1,N =0,

kp=5;andd)n=1,N=0, kp =15.
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Fig. 3 Transient temperature distribution under various conditions for a layer with a) n=1.5,N=0.1, kp=5;b) n=1.5,N=0.1, kp =20; ¢) n=1.5,

N=0,kp=5;and d) n=1.5, N=0, kp =20.
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Fig. 7 Effect of increasing scattering with fixed aD =1 for n=1 to 2
and N=0.1: a) temperature distribution at 7=0.45 and b) transient
mean temperature of the layer.

w =1, the layer remains at the initial temperature because there is
no emission or absorption, and hence no heat loss from the layer.
The effect of increasing scattering albedo is significant for lower
optical thickness. Comparison between parts a and b and between
parts ¢ and d in Figs. 2 and 3 shows that a larger optical thickness
tends to weaken the effect of scattering. In this case, the reason is
that a larger optical thickness and thus a larger absorption thickness
means more scattered energy is absorbed, which offsets the effect
of scattering.

The transient mean temperatures are shown in Fig. 4 (forn =1)
and Fig. 5 (for n = 1.5). The results show that, with other conditions

kept constant as in parts a and b of Figs. 2 and 3, increasing scattering
or decreasing the value of o D slows down the temperature decrease
particularly at larger scattering albedos.

The fact that a larger optical thickness weakens the effect of scat-
tering can be shown from Fig. 4. The difference between the curve
corresponding to w =0 and the curve corresponding to w=0.9
for kp =5 is larger than that for xp =15, at any time and at any
temperature level. Figure 4 shows that the curve corresponding
to kp =5, w=0.9 lies above the curve corresponding to xp =15,
w=0.9. The effect of large scattering is shown in Fig. 6. The scat-
tering albedo is held constant at w = 0.9, but the optical thickness of
the layer is varied from 2 to 50. At small values of optical thickness
kp < 10, the transient mean temperature decreases with increasing
optical thickness. However at larger « p, this trend is reversed. This is
related to the magnitude of @ D. When o D is small, the temperature
distribution is relatively uniform, and the radiation rays pass out of
the layer because of relatively small absorption. In this case, increas-
ing a D enhances the radiation and hence the cooling rate. On the
other hand, when «p, is large, the temperature near the boundaries
becomes increasingly cooler than the interior, if the heat conduction
is finite, thus reducing the cooling effectiveness of the layer. This
explains the special case appearing in Fig. 4 that was mentioned
earlier. At such small « D, the cooling effectiveness increases with
increasing o D and also by increased absorption.

In Fig. 7 the effect of scattering is shown in a different way.
a D is held constant, while «xp is increased such that the effect of
additional scattering can be shown. The temperature distribution at
T =0.45 is shown in Fig. 7a. It is seen that increasing the scattering
leads to a steeper temperature distribution near the boundaries, an
observation different from that shown in Figs. 2 and 3. Note that in
the case of Fig. 7 kp is increased much faster than the increase of
. Thus the layer quickly becomes increasingly opaque. In contrast,
in Figs. 2 and 3, «p is held constant when the effect of increased
scattering is examined. Figure 7b reflects that the cooling rate of the
layer decreases with increasing w and kp, while o D is fixed. This
is caused by the temperature distribution depicted in Fig. 7a.

Note the effect of refractive index on the transient process at large
scattering albedos. In Figs. 2, 3, and 7, when w =0, a larger n gives
more uniform temperatures. At N =0.1 and with «p ranging from
2 to 20, there is a decrease in the cooling rate when 7 is increased.
However the effect of n is quite different at large w as is shown
in Fig. 7. When w=0.9 and 0.99, the cooling rate with n =2 is
considerably faster than that for n =1, and at xp = 100, w =0.99
the temperature distribution for n =2 is steeper than that for n =1.
This is most likely a result of enhanced cooling at positions near the
boundary by a combined effect of strong scattering and interface
reflection.

Conclusions

Transient solutions were obtained for an emitting, absorbing,
isotropically scattering, and heat-conducting layer of a semitrans-
parent material. The solution procedure includes simultaneously
solving the transient energy equation using an implicit finite vol-
ume scheme and the integral equation for the radiative heat flux
using the singularity subtraction technique and Gaussian numerical
quadrature. The effects of influence parameters, optical thickness,
scattering albedo, and refractive index of the layer are considered
carefully. Scattering is found to have a significant effect on the
transient temperature distributions of a layer subject to radiative
cooling.
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